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Consider the infinite grid in the plane consisting of all horizontal and all 
vertical segments joining lattice points (points with integer coordinates). 
Suppose each of these segments is a one-ohm resistor. What is the effective 
resistance (driving-point impedance) between a given pair of lattice points? 
This problem appears several times in the literature. Let us examine what 
has been said. St6hr [12] mentions the problem (in somewhat greater general- 
ity) at the beginning of his three-part article, but never returns to it. 
Purcell [lo] poses the problem of showing that the effective resistance across 
adjacent nodes is 8 ohm, and asserts that this can be found by symmetry 
and superposition alone. Foster [8] discusses the problem for adjacent nodes 
(in this and some other plane configurations) and finds the answer $ ohm by 
assuming that his averaging formula for finite networks remains valid in the 
limit. His argument is repeated by Weinberg [14], who also gives another 
derivation of 4 ohm by a symmetry argument. (I cannot follow the symmetry 
argument, because he connects an external current generator which seems to 
destroy the symmetry.) Finally, Van der Pol [ 131 asserts that the fundamental 
solution of the harmonic difference equation solves the problem in general 
and gives a closed form of this fundamental solution (as have earlier writers). 
In particular, he finds the effective resistance between (0,O) and (n, n) to be 
(All effective resistances can be derived easily from these.) Incidentally, 
fundamental work on the harmonic difference equation, particularly on the 
Dirichlet problem, is contained in Courant [l] and Courant, Friedrichs, 
and Lewy [2]. 
According to the calculations in Stohr [12], Spitzer [l 11, Van der Pol [13], 
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and McCrea and Whipple [9], the fundamental solution (normalized to give 
the effective resistance) between (0,O) and (m, n) has several alternate 
expressions. Other expressions can be found in Duffin [4, p. 3501 and Duffin 
and Shaffer [5, p. 5931. 
u(m, n) = - & j, [(l -i)“‘” (1 - g)“-” (1 - [t)-n+n 
. (1 - &)-m-n - 11 f 
for n 3 0, where 5 = esni/s, 
u(m, n) = - + 
I 
z7 (cos me) ((2 - cos e) - [(2 - cos t9)2 - 1]1~2}~nf - 1 dB 
0 [(2 - cos e>2 - 111/s 
(Stohr), 
(Spitzer), 
u(n.2, n) = & 1: [l - (z)“‘” (s)‘“-“‘I $ 
(Van der Pohl), 
u(m, n) = -J- J” 
m 1 - e-lmlo,cos nc9 
4 
0 sinh 01 
where cos 0 + cash OL = 2 (McCrea, Whipple). 
Several values of u(m, n) are tabulated in Duffin and Shelly [6], McCrea 
and Whipple [9], and Stohr [12]. In Table I we summarize these results. 
Note that ~(m, n) = u(n, m) = u(- m, n) = etc. The missing entries can be 
computed by symmetry and the difference equation P, below. This 
fundamental solution u(m, n) is characterized by four properties: 
Pl u(0, 0) = 0; 
P2 u(m+l,n)+u(m-l,n)+u(m,n+1)+u(m,n-1)-44u(m,n) 
= 0, h 4 # (0, 0); 
p3 (same expression) = 2, (m, 4 = (0, 0); 
P4 u(m, n) > 0 for all (m, n) (Spitzer); 
or 
P,’ u(m, n) = o[(m2 + n2)1/2] at co (Stohr). 
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I believe these results do indeed give the correct solution for the effective 
resistance, however, as far as I can see this has never been proved rigorously. 
First of all the assumption that a specific infinite network of resistors has a 
solution is premised on the existence of a theory of infinite networks. Until 
Flanders [7], this did not exist. Second, the solution given above must satisfy 
the requirements of this theory of infinite networks in order that it be the 
correct solution to the given grid problem. 
If B, , B, ,... denote the directed branches of an infinite network, if ri > 0 
denotes the resistance of branch Bi , and if the network is energized by a 
finite number of sources, then it is shown in Flanders [7] that there is a 
unique flow of current I = C aiBi subject to 
Nl Kirchhoff’s node law (I is a cycle), 
N2 Kirchhoff’s loop law, 
NS C ai2ri < co, 
JXi I is the limit of finite cycles. 
(One consequence of this result is that conservation of energy holds. This is 
Corollary 4 of the Existence theorem in [73].) 
Consider now the following problem, closely related to the effective resis- 
tance problem. 
Insert a one-volt source in the branch from (0,O) to (0, 1). What is the 
resulting current flow guaranteed by N,-N,? 
Let Z,, denote the unit square whose lower left-hand corner is (m, n), 
considered as a cycle with the clockwise-rotation sense. Write the solution 
in the form 
1 = 1 Gmzrl, 
so that N, and N, are satisfied. The loop law N, is satisfied provided 
c m+1.n + Cm-1.72 + Gn*n+1 + Gw-1 - %m 
-1 
1 cm, 4 = @IO), 
- 0 (m, n) # (0, 01, (- 1, o>, 
-1 (m, n) = (- 1,O). 
This suggests we try 
c m.,=g.(,,n)-&u(m+l,n), 
where ~(111, n) is the fundamental solution discussed above. The current in 
each branch is the difference of the “loop currents” from the two adjacent 
square loops, hence condition N, is equivalent to 
34 FLANDERS 
since each branch resistance is unity. If this is correct, an easy superposition 
argument shows that the effective resistance between (0,O) and (m, n) is 
precisely u(m, n). 
The crux of the matter then is to prove, for the fundamental solution 
u(m, n), that the second differences are square summable: 
C [u(m + 2, n) - 2u(m + 1, n) + u(m, n)l” < 00, 
1 [u(m + 1, n + 1) - u(m + 1, n) - u(m, n + 1) + u(m, 72)]” < co. 
These sums indeed are finite, and that is a consequence of an asymptotic 
approximation for u(m, n). The approximations in Spitzer [l l] and McCrea 
and Whipple [9] are not sufficiently sharp for this purpose, but Stijhr gives 
the following result: 
u(m, n) = i (3 In 2 + 2~) + + ln(m2 + 122)1/2 + 0 (A) , 
where y is the Euler c0nstant.l It is easy to see that any second difference of 
ln(m2 + n2)li2 is O(m2 + n2)-l and that 
c (m2 ; *2)2 < co, 
so square summability is assured and the given solution is valid. 
Finding explicit solutions for the other networks considered by Foster [8] 
and Weinberg [14] seems very difficult.2 
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